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Abstract

I study the effectiveness of subsidies as an alternative to carbon taxes in reducing car-

bon emissions in a quantitative climate-economy model. An energy firm uses brown

and green energy inputs to produce energy. A representative firm-household then uses

energy, capital, and labor to produce final goods. The short-run elasticity between

energy and other inputs is low. However, higher energy prices encourage higher energy

efficiency, leading to a higher elasticity in the long run. The key weakness of green

energy subsidies, as an alternative to carbon taxes, is that they cannot promote higher

energy efficiency. Thus, in the baseline model, the optimal green subsidies result in

a modest 1.0% decrease in emissions by the end of the century relative to cumula-

tive emissions in the business-as-usual scenario. However, if the government subsidizes

green energy usage and energy-saving technical change simultaneously, the optimal

subsidies are nearly as effective in reducing emissions as the first-best taxes on carbon

emissions. Under this approach, 90% of the emission reductions and 88% of the welfare

gains achievable through optimal carbon taxes are realized.
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1 Introduction

Economists generally regard carbon taxes as the first-best solution for reducing carbon emis-

sions and addressing climate change. Since the social cost of one ton of carbon emissions

is higher than the private cost, a Pigouvian tax should be imposed to correct its negative

externality. However, like most taxes, carbon taxes and similar policies designed to increase

energy costs are massively unpopular among the public.1 A survey by the Energy Policy

Institute and the Associated Press-NORC Center revealed that 42% of respondents would

not accept even a $1 monthly increase in their electricity bill to fight climate change. In

contrast, government subsidies for renewable energy sources, such as solar and wind power,

are more popular and frequently implemented. A notable example of such a subsidy is the

Inflation Reduction Act (IRA), which allocates billions of dollars in renewable energy tax

credits. Given the potential real-world constraints on the implementation of climate policy,

it is important to investigate the effectiveness of green energy subsidies as a viable alternative

to the carbon tax.

To study this issue, I build a macro-climate model with an upstream energy sector and a

downstream final goods sector. A perfectly competitive firm in the energy sector uses brown

and green energy inputs, which are imperfect substitutes, to produce energy. Brown energy

has a lower private cost than green energy, but it has a higher social cost because of its

carbon emissions and the resulting future climate damage. The energy is then sold to a rep-

resentative firm-household, which combines energy with capital and labor to produce final

goods. The final goods can be used for either consumption or investment. The energy inten-

sity of the final goods production process is endogenous and influenced by the energy price

because the firm-household can make technology choices on a technology frontier and, there-

fore, change the energy efficiency of its production process over time. If the firm-household

adopts a new technology with energy efficiency different from its existing production process,

1Reasons for opposing carbon taxes include (1) concerns about the tax burden, (2) concerns about foreign
free-riding, and (3) the distributional consequences of carbon taxes (e.g., Beiser-McGrath and Bernauer 2019,
Känzig 2023).
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it will incur a technology adjustment cost. Under such a setting, the elasticity of substitu-

tion between energy and other inputs is low in the short run and higher in the long run.

Depending on the policy scenario, a benevolent government has access to alternative policy

instruments, including brown taxes, green subsidies, and energy efficiency subsidies, which

it can implement to try to correct the negative externality of brown energy usage. I solve

the government’s constrained-efficient optimization problem and evaluate the effectiveness

of different policy instruments by comparing the outcomes under different policy scenarios.

For the accuracy of the solution and to handle the high dimensionality of the models, this

constrained-efficient optimization problem is solved globally using value function iteration

augmented with Gaussian processes regression (Scheidegger and Bilionis, 2019).

The economy has two mechanisms for reducing carbon emissions: (1) reducing the share

of brown energy inputs in energy production by substituting them with green inputs and

(2) reducing overall energy usage in final goods production, mainly by improving energy effi-

ciency. In other words, carbon dioxide emission intensity of an economy can be decomposed

as

CO2

GDP
=

Energy

GDP

CO2

Energy
.

The emission intensity can be reduced by either having a lower energy-to-GDP ratio or

a lower emission-to-energy ratio. Taxes on brown energy are effective for reducing carbon

emissions because they can utilize both mechanisms. By contrast, if the government only

subsidizes green energy in the energy sector, the carbon emission reductions under the op-

timal policy path would be very limited because green subsidies tend to lower energy costs.

Cheaper energy cannot incentivize firms in the downstream sector to adopt more energy-

efficient technology, and the energy-efficiency carbon mitigation mechanism is not utilized.

According to the baseline model, brown taxes can reduce cumulative emissions by 13.6% by

the end of this century compared to cumulative emissions under business-as-usual (BAU),

whereas the optimal green subsidies achieve a 1.0% reduction in cumulative emissions. The

optimal taxes on brown energy increase household welfare by 0.16% in terms of equivalent
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consumption. In contrast, optimal green energy subsidies increase household welfare by only

0.002%.

To illustrate, consider the various decisions within our economy aimed at saving energy

by enhancing energy efficiency, often at a cost. These decisions include purchasing a more

expensive, energy-saving air conditioner, choosing a car with higher fuel economy but lower

horsepower, utilizing trains instead of trucks for transporting goods, and allocating more

research and development (R&D) resources towards improving energy efficiency rather than

other research projects. All these choices can be regarded as choices on the technology

frontier of our economy. These efforts to improve the energy efficiency of the economy

become economically viable for agents only when energy costs are sufficiently high. Green

energy subsidies fail to provide incentives for these efforts.2 As a result, if only green subsidies

are feasible for government implementation, they are an inefficient tool and should not be

implemented on a scale that can deliver substantial carbon emission reduction.

The government thus needs a second lever as a complement to green subsidies to increase

the economy’s energy efficiency. Technology subsidies that reward energy-efficient technol-

ogy choices, that is, subsidies that reward higher energy efficiency, can be effective policy

instruments for achieving this goal. Since energy saving is largely driven by changes in the

firm-household’s technology choice over time, the government can reduce the firm’s energy

usage by subsidizing energy-saving technology.3 I analytically show that, when energy and

other inputs are perfect complements in the short run, the joint implementation of energy ef-

ficiency and green subsidies delivers the social optimum. In the baseline model, even without

imposing the assumption of perfect complementarity, these two types of subsidies can still

achieve a 12.3% reduction in cumulative emissions, approaching the level of carbon abate-

2Under the most extreme scenario in which renewable energy is provided by the government for free,
even with great reduction in emission intensity of energy, everyone will use energy recklessly on activities
like Bitcoin mining.

3In fact, IRA does provide tax credits for energy efficiency. For example, homeowners can claim up to
$1,200 for energy property costs and various types of residential energy efficiency improvements. Similarly,
the European Union has the so-called ”Energy Efficiency First (EE1st)” guiding principle in the areas of
sustainability, climate neutrality, and green growth.
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ment achieved through the optimal imposition of taxes on brown energy. With respect to

welfare, the joint implementation of energy efficiency and green subsidies increases welfare

by 0.14% in terms of equivalent consumption, which parallels the welfare gain brought by

taxes on brown energy.

In summary, relying solely on green subsidies is costly and ineffective in reducing carbon

emissions and brings very limited welfare gains relative to the BAU. However, combining

green and energy efficiency subsidies can lead to an outcome close to the social optimum. This

key finding remains robust across various scenarios, including different degrees of elasticity

of substitution in the energy sector and varying technology adjustment costs for energy

efficiency.

In the baseline model, the production cost of green energy is constant and exogenously

given. As an extension to the baseline model, I introduce learning-by-doing to green energy

production: more green energy usage leads to cheaper green energy. This setting allows green

subsidies to stimulate directed technical change toward green energy (e.g., Acemoglu et al.,

2012; Kalkuhl et al., 2012; Fried, 2018; Hassler et al., 2021; Barrett et al. 2023; Lemoine,

2024). Still, the key insights from the baseline model remain valid: even if green subsidies

can lead to cheaper green energy, they still cannot address the issue of energy efficiency. So,

subsidies for energy efficiency are still warranted when brown taxes are not feasible.

This paper is built upon and contributes to the development of integrated assessment

models (Nordhaus 1977, Nordhaus 1993, Golosov et al. 2014, Barrage 2020, Hassler et al.

2021, Barrage and Nordhaus 2023). Within this literature, this paper is closest to works on

subsidies as second-best climate policies (Popp, 2006; Gerlagh, 2008; Kalkuhl et al., 2013; van

der Ploeg and Withagen, 2014; Cruz and Rossi-Hansberg, 2021; Nordhaus, 2017; Lemoine,

2017; Airaudo et al., 2023). Usually, subsidies to promote either the usage or R&D on green

energy are shown to have only modest impacts on carbon emissions by the literature. Highly

relevant to this paper, Hassler et al. (2020) demonstrate that a lower green energy price can

increase carbon emissions when brown and green energy are gross complements. Casey et
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al. (2023) argue that green subsidies’ impact on brown energy usage is determined by the

elasticity of substitution between clean and dirty energy as well as by the price elasticity of

demand for energy services. They also analytically derive the conditions under which green

subsidies reduce carbon emissions and find that the welfare gain brought by green subsidies

alone is modest at its best. Bistline et al. (2023) and Cruz and Rossi-Hansberg (2024) also

find that the welfare gain from green subsidies is very limited. This paper contributes to

this literature by explicitly modeling firms’ energy efficiency choices and distinguishing the

short- and long-run elasticities between energy and other inputs. More importantly, I further

show that subsidies targeting long-run energy efficiency can address the energy efficiency

problem caused by green subsidies, thereby making subsidy-based climate policy schemes

almost as effective as first-best carbon taxes.4 With respect to the computational method

implemented in this paper, Kotlikoff et al. (2021) also use Gaussian processes to handle the

high dimensional macro climate models. For a more general discussion on deploying machine

learning to solve IAMs, I would refer the readers to Fernández-Villaverde et al. (2024).

This paper also relates to studies that examine the relationship between technical change

and the elasticities between energy and other inputs. The low short-run and high long-

run elasticities of energy use are well documented (Akteson and Kehoe, 1999). Akteson

and Kehoe (1999) propose a model featuring capitals with different fixed energy-capital

proportions. Due to the existence of capital adjustment costs, the elasticity of energy usage

is low in the short run but high in the long run. Hassler et al. (2021) emphasize the near-

zero short-run elasticity between energy and capital/labor inputs. Yet, they conclude that

this elasticity is higher in the long run because a higher energy price can induce energy-

saving technical change. Casey (2022) develops a model with the directed technical change

in economic growth and energy efficiency and highlights the importance of final-use energy

efficiency for climate policies. Airaudo et al. (2023) propose a model that also features

an energy sector and directed technical changes in energy efficiency to evaluate the macro

4In their contemporary and independent work, Casey and Gao (2024) solve and estimate a similar model
but focus on pre-determined brown taxes and green subsidies.
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impacts of green transitions in a small open economy induced by pre-determined brown taxes,

green subsidies, or green infrastructure investments. This paper introduces the time-varying

elasticity of substitution based on the “appropriate technology” literature that describes

the technology choice of a firm to select the efficiencies of different inputs on a technology

frontier. Prominent examples of this literature are Jones (2005), Caselli and Coleman (2006),

Growiec (2008, 2013), and León-Ledesma and Satchi (2019). Hinkelmann (2023) builds a

quantitative model featuring the time-varying elasticity of substitution between fossil fuels

and electricity in the energy sector following León-Ledesma and Satchi (2019) and finds that

sizable carbon taxes are required to achieve net zero emissions by 2050. The connection

between directed technical change (e.g., Acemoglu et al. 2012, Fried 2018, Hassler et al.,

2021, Casey 2023, Lemoine 2024) and technical choice is also discussed.

This paper also connects to microeconomics studies on second-best environmental poli-

cies. Baumol and Oates (1988) demonstrate that subsidies for clean alternatives to polluting

inputs may increase pollution if the final production is scaled up. Sinn (2008) discusses the

possibility of the so-called “green paradox”: subsidies on renewable energy encourage the

owner of finite oil stock to extract more oil, which increases carbon emissions. Kotlikoff at el.

(2024) show this paradox does happen in their numerical experiments. Fischer and Newell

(2008) and Gugler et al. (2021) also conclude that green subsidies are less effective than

brown taxes. Newell et al. (2019) further highlight that clean energy subsidies can lead to

inefficiently high electricity production. Belfiori and Rezai (2024) show that any sequence

of explicit carbon prices can be achieved implicitly through a combination of conventional

taxes.

The remainder of this paper is structured as follows. Section 2 lays out a static model

that highlights the key ideas of this paper. Section 3 presents the full dynamic model

and quantitatively evaluates the effectiveness of different policy tools, including taxes and

subsidies. Section 4 introduces learning-by-doing in the green sector as an extension of the

baseline model. Section 5 concludes.
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2 The Static Model

This section lays out a static, decentralized model that highlights the key mechanisms in

the full model. I compare the decentralized economy to the social planner (SP) problem

and show that the solution to the SP problem can be achieved in the decentralized economy

by either (1) implementing brown taxes or (2) implementing green subsidies along with

subsidies on energy efficiency. However, green energy subsidies alone cannot implement the

social optimum.

2.1 Decentralized Economy

A perfectly competitive energy firm has access to a constant elasticity of substitution (CES)

technology that uses brown energy inputs eb and green energy inputs eg to produce the final

energy e:

e =
(
λ (eb)

ϵe−1
ϵe + (1− λ) (eg)

ϵe−1
ϵe

) ϵe
ϵe−1

(1)

where ϵe is the elasticity of substitution between green and brown energy. We may think of

brown energy inputs eb as abundant “coal.” Their usage generates carbon emissions. Green

energy inputs eg, such as solar or wind energy, are emission-free (clean). Both brown and

green energy inputs are produced with constant marginal costs cb and cg, respectively, in

terms of final output. The produced energy e is then sold to the firm-household at price

pe. This energy firm is also potentially subject to a tax or a subsidy imposed on both types

of energy sources, τb and τg, which are rebated lump-sum to the household. The profit

maximization problem of this energy firm is as follows:

max
eb,eg

pee− cbeb − cgeg − τbeb − τgeg

s.t.

(1)
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The first-order conditions (FOCs) and the zero-profit condition yield the equilibrium

conditions:

eb
eg

=

(
1− λ

λ

cb + τb
cg + τg

)−ϵe

(2)

pe =
(
λϵe (cb + τb)

1−ϵe + (1− λ)ϵe (cg + τg)
1−ϵe
) 1

1−ϵe (3)

A firm-household purchases energy e from the energy firm at price pe. It uses endowed

non-energy inputs h and energy input e to produce a final good y. The efficiencies of energy

and nonenergy inputs are denoted as Be and Bh, respectively. The production function

follows the Leontief form:

y = min {Bhh,Bee}

For a given relative energy efficiency ratio Be/Bh, non-energy inputs h and energy e

are perfect complements. Following Jones (2005) and León-Ledesma and Satchi (2019), I

assume that the firm-household also can choose its non-energy-input-efficiency Bh and energy

efficiency Be on a log-linear technology menu:

ν logBh + (1− ν) logBe = 0 (0 < ν < 1)

Here, we define the technology choice θ as

θ ≡ Be

Bh

Then, we have
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Bh = B
ν−1
ν

e

⇒

θν = Be

θν−1 = Bh

The production function can then be re-written as

y = min
{
θν−1h, θνe

}
Higher relative energy efficiency θ implies a higher Be and a lower Bh, which in turn

implies that the agent is using less energy to produce one unit of output. Conversely, a

lower θ leads to a less energy-efficient production process. Here, I follow Jones (2005) and

León-Ledesma and Satchi (2019) and interpret the trade-off between efficiencies as a choice

on a “technology frontier.” In Appendix A, in a more general setting, I demonstrate that

change in θ can also be interpreted as the long-run outcome of directed technical change

(Acemoglu et al., 2012; Hassler et al., 2022).

The firm’s choice of θ highlights the difference between the ex-ante elasticity of substi-

tution between energy and other inputs with a given θ and the ex-post substitution with a

chosen θ. Without adjustments in θ, energy and other inputs are perfect complements. Yet,

the ex-post elasticity of substitution after the agent chooses the optimal θ is higher, and

the production function is isomorphic to the Cobb-Douglas production function as long as

the technology frontier is log-linear. 5 (León-Ledesma and Satchi, 2019) To see that, if we

assume an interior solution in which all other inputs are fully utilized following Hassler et

al. (2021), then we have

5Similarly, directed technical change implies a long-run unitary elasticity between energy and other
inputs if and only if energy efficiency and capital efficiency have a log-linear relationship, as I demonstrate
in Appendix A. For further discussion, I refer interested readers to León-Ledesma and Satchi (2019) and
Hassler et al. (2021).
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θe = h (4)

y = θν−1h (5)

Then, the production function yields an alternative Cobb-Douglas form:

y =

(
h

e

)ν−1

h = hνe1−ν

Also,

e

y
=

e

hνe1−ν
=
( e
h

)ν
= θ−ν

and

h

y
=

h

hνe1−ν
=
( e
h

)1−ν

= θν−1

That is, the energy intensity and non-energy-inputs intenisty of the firm is determined by θ.

Intuitively, energy required to produce one unit of goods cannot usually be substituted

with other inputs without a corresponding technology adjustment. For example, the electric-

ity (energy) needed to run the air conditioner to keep a house cool cannot be just substituted

with more air conditioners (other inputs). Suppose one wants to reduce energy usage. In

that case, one needs to buy a more energy-efficient air conditioner or make the house more

heat-isolating by installing insulation materials in the walls. More generally speaking, one

needs to change the technology used in her house.

In this paper, these technology choices are modeled as an adjustment in θ. In section

3, I introduce frictions to the adjustment of θ. Allowing for different ex-ante and ex-post

elasticities then leads to differences in short- and long-run elasticities between energy and

other inputs. This setting is consistent with the empirical finding by Hassler et al. (2021)

that ”energy-saving technical change” leads to a significant difference in the short- and long-

run price elasticity of energy.

Using brown energy inputs warms the planet and leads to damage proportional to the
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final outputs. The damage ratio is given by the climate damage function D (eb). The firm-

household does not internalize this climate damage and takes eb as given. After incurring

climate damage and paying the energy firm, the remaining final goods are consumed by the

firm-household. In addition, a technology subsidy as a function of θ, Tθ(θ) = τθθ < 0, can be

given to the firm-household to encourage a higher θ through the adoption of a more energy-

efficient technology on the technology menu.6 Similar to the green and brown taxes/subsidies,

this technology choice subsidy is financed lump-sum tax. The output y net of climate damage,

energy price, taxes, and subsidies are consumed as consumption goods c. Therefore, the firm-

household’s maximization problem is

max
θ,e

c

c = D (eb)min
{
θν−1h, θνe

}
− pee− τθθ + T

Here, I continue to focus on the interior solution. Plugging (4) and (5) back into the

optimization problem, we have

max
θ

D (eb) θ
ν−1h− pe

h

θ
− τθθ + T

This problem yields the first-order condition:

D (eb) (ν − 1)θν−2h+ pe
h

θ2
− τθ = 0 (6)

We shall notice that, if τθ = 0,

θ =

(
pe

D (eb) (1− ν)

) 1
ν

That is, a lower energy price pe leads to a lower θ. The economic intuition here is that

less expensive energy encourages the firm to choose a less energy-efficient technology on

6Since θt also can be modeled as a product of directed technical change, subsidies on θt can be interpreted
as subsidies on directed technical change.
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the technology frontier. From the energy production function (1), we know that, for a given

brown/green ratio, eb
eg
, a lower e always leads to a lower eb. That is, a higher energy efficiency

can lead to reduced brown energy usage.

2.2 The Social Planner’s Problem, Brown Taxes, and Green Sub-

sidies

In this subsection, I state the planning problem, in which the social planner (SP) has access

to the production technology for energy e and final good y and internalizes the damage

caused by brown energy inputs D (eb). This planner wants to maximize the consumption

level of the firm-household. Her maximization problem is

max c

s.t.

c = D (eb)min
{
θν−1h, θνe

}
− cbeb − cgeg

e =
(
λ (eb)

ϵe−1
ϵe + (1− λ) (eg)

ϵe−1
ϵe

) ϵe
ϵe−1

If we still assume that capital is fully utilized, the FOCs of the problem yield the following

conditions
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e =
(
λ (eb)

ϵe−1
ϵe + (1− λ) (eg)

ϵe−1
ϵe

) ϵe
ϵe−1

(1*)

eb
eg

=

(
1− λ

λ

cb + κ

cg

)−ϵe

(2*)

µe =
(
λϵe (cb + κ)1−ϵe + (1− λ)ϵe (cg)

1−ϵe
) 1

1−ϵe (3*)

θe = h (4*)

y = θν−1h (5*)

D (eB) (ν − 1)θν−2h = −µe
h

θ2
(6*)

κ = D′ (eb) y (7*)

Here, κ is the social cost of carbon (SCC), which characterizes the marginal climate

damage of brown energy usage.

By comparing the decentralized equilibrium (1) - (6) and the solution for SP (1∗) - (6∗),

we can see that, in the decentralized competitive equilibrium, the share between green and

brown energy inputs eb/eg and the price of energy pe, which in turn determines energy

demand e, are determined by the after-tax private costs of the two types of energy sources:

eb
eg

=

(
1− λ

λ

cb + τb
cg + τg

)−ϵe

(2)

pe =
(
λϵe (cb + τb)

1−ϵe + (1− λ)ϵe (cg + τg)
1−ϵe
) 1

1−ϵe (3)

In contrast, in the solution to SP, they are determined by their respective social costs,

with the climate cost of brown energy in addition to its production cost being summarized

by the SCC κ = D′ (eb) y. In the decentralized equilibrium conditions, τb appears in both

equations (2) and (3), identical to the presence of SCC κ in both equations (2∗) and (3∗)

of SP’s problem solution. Therefore, a brown tax τ ∗b = κ = D′ (eb) y alone implements the
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solution to the SP. As the classical Pigou logic states, a tax should equalize the private cost

and the social cost when there is a negative externality. Such a brown tax produces two

separate effects. First, it encourages the substitution away from brown energy towards green

energy by making brown energy relatively more expensive as it changes the after-tax relative

price to (cb + τb) /cg (the substitution effect) in (2). At the same time, it incentivizes the

firm-household to use less energy e by choosing a higher θ as it increases price energy pe for

dpe
dτb

> 0 and ∂θ
∂pe

> 0. Less energy usage leads to less brown energy usage (the scale effect).

By contrast, a green subsidy τg < 0 cannot implement the social optimum. It is true

that such a subsidy can replicate the substitution effect of the socially optimal brown tax

by setting τ ∗g such that

cb
cg + τ ∗g

=
cb + κ

cg
⇒ τ ∗g = cb

cg
cb + κ

− cg = cg

(
cb

cb + κ
− 1

)
< 0

Nevertheless, green subsidies alone, in general, cannot mimic the scale effect of a brown

tax because dpe
d(−τg)

< 0. While a brown tax increases the energy price pe and incentivizes the

adoption of a higher θ, a green subsidy decreases the energy price pe and leads to a level of

θ that is different from that in SP. The negative externality of brown energy inputs creates

a wedge between the private and social energy costs. A brown tax can close this wedge,

while a green subsidy further widens it and leads to higher energy production than that in

the social optimum. In fact, when green and brown energy inputs are strong complements

(ϵy << 1), green energy subsidies actually increase brown energy usage. To see this, the

demand function for eb is

eb =

(
1− λ

λ

cb
pe (τg)

)−ϵe

e (pe (τg))

Then, the change in brown energy usage induced by green energy subsidies relative to

the BAU with no green energy subsidies, êb ≡ eb
eb,BAU

, is

14



êb =

(
pe (τg)

pBAU

)−ϵe e (pe (τg))

eBAU

= C (pe (τg))
−ϵe e (pe (τg))

with

C ≡
(

1

pBAU

)−ϵe 1

eBAU

> 0

Then,

dêb
dτg

= C (pe (τg))
−ϵe−1 (−ϵe)

dpe (τg)

dτg
e (pe (τg)) + C (pe (τg))

−ϵe de (pe (τg))

dpe (τg)

dpe (τg)

dτg

⇒
dêb

d (−τg)
< 0 ⇔ −ϵe +

de (pe (τg))

dpe (τg)

pe (τg)

e (pe (τg))
< 0 ⇔ de

dpe

pe
e

< ϵe

Only when the elasticity of substitution between green and brown inputs is greater than

the price elasticity of energy can standalone subsidies on green energy inputs reduce brown

energy usage. Otherwise, the scale effect dominates the substitution effect, and emissions

would increase as a response to subsidies imposed on green energy inputs.7

2.3 Implementing the Social Optimum through Green and Energy

Efficiency Subsidies

The analysis above indicates that if we want to achieve the social optimum through sub-

sidies, the scale effect of taxes on brown goods must be generated using alternative policy

instruments. A subsidy on technology choice θ is an ideal candidate. Rewarding the firm-

household with higher θ incentivizes the agent to choose a more energy-efficient technology.

By comparing (3) and (6) to (3∗) and (6∗), we see that a technology subsidy

7Casey et al. (2023) derive the conditions under which the scale effect can outweigh the substitution
effect, leading to the conclusion that green energy ought to be subject to taxation when green and brown
inputs are gross complements. The following analysis largely follows their argument. For the analysis of this
topic in a more general setting, see Casey et al. (2023).
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τ ∗θ = −h (µe − pe)

θ2

= − h

θ2

((
λϵe (cb + κ)1−ϵe + (1− λ)ϵe (cg)

1−ϵe
) 1

1−ϵe

−
(
λϵe (cb)

1−ϵe + (1− λ)ϵe (cg + τg)
1−ϵe
) 1

1−ϵe

)
< 0

together with a green subsidy

τ ∗g = cg

(
cb

cb + κ
− 1

)
< 0

exactly implements the solution to SP. Specifically, the technology subsidy on θ can imple-

ment the socially optimum energy usage level e because this level is entirely determined by

θ as θe = h. So, by (6), by setting τ ∗θ = h(µe−pe)
θ2

, we have

D (eb) (ν − 1)θν−2h+
hpe
θ2

+
h (µe − pe)

θ2
= 0

⇒

D (eb) (ν − 1)θν−2h+ µe
h

θ2
= 0

which is the same as (6∗) in solution to SP. The intuition here is that the government can

use τθ to implement a relative energy efficiency level θ that is consistent with the social cost

of energy. With such a subsidy in place, the private marginal benefit of adjustment in θ is

consistent with its social marginal benefit. As the optimal green subsidy already implements

the optimal brown-green share, both the green and brown share eb/eg and the overall energy

usage e are equivalent to those according to the solution to SP when an optimal technology

subsidy and an optimal green subsidy are placed. We conclude that when the short-run

elasticity between energy and capital is zero, a technology subsidy and a green subsidy can

jointly implement the social optimum. I summarize the findings in the following proposition:

Proposition 1 The decentralized equilibrium coincides with the solution to the social plan-

ner’s problem if the following either of the following condition holds

• τb = κ = D′ (eb) y with τg = τθ = 0
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• τb = 0, τ ∗g = cg

(
cb

cb+κ
− 1
)
< 0, and τθ = −h(µe−pe)

θ2

Corollary 1 The decentralized equilibrium does not coincide with the solution to the social

planner’s problem if τb = 0, τ ∗g = cg

(
cb

cb+κ
− 1
)
< 0, and τθ = 0.0

Furthermore, even if the brown tax is imposed but does not equal SCC: τb ̸= κ, or if

brown energy is subsidized: τb < κ, the government can always use the green and energy

efficiency subsidies to implement the solution to SP.

Corollary 2 For any given τb, there exists a corresponding τ ∗g and τ ∗θ such that the decen-

tralized equilibrium coincides with the solution to the social planner’s problem.

Proof. For any τb, the government can set τ ∗g = cg

(
cb+τb
cb+κ

− 1
)
< 0 and τθ = −h(µe−pe)

θ2
to

implement the solution to SP

2.4 Empirical Evidence for the Endogenous Energy Efficiency

In this subsection, I provides some evidence on the existence of technology choice, with this

choice, in turn, determines energy efficiency in the long run. One important feature of the

model is that there is a negative correlation between energy intensity and non-energy-inputs

intensity of an economy as e
y
= θ−ν and h

y
= θν−1. Also, a higher energy price always leads

to lower energy intensity as θ =
(

pe
D(eb)(1−ν)

) 1
ν
.

To test whether these model predictions are consistent with the empirical evidence, I use

the energy intensity level of primary energy (measured in MJ per $2017 PPP GDP in 2015)

as a proxy for energy intensity, the ratio of 2017 PPP capital stock to $2017 PPP as a proxy

for capital intensity, and the price of electricity as a proxy for energy prices.

From Panel A of Figure 1, we can observe a negative correlation between the capital and

energy intensity across the country. Countries with higher energy usage per unit of produc-

tion tend to have lower capital per unit of production, and verse versa. This relationship can

still be seen as indirect empirical evidence for the trade-off between energy and non-energy
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input efficiencies, as indicated by the log-linear technology menu. I also refer the readers to

Knittel (2011), which shows the trade-offs faced when choosing between passenger vehicles’

fuel economy, weight, and engine power characteristics.

Panel B shows that an increase in energy prices leads to a decrease in energy intensity.

It is consistent with the prediction of the model: a higher energy price can encourage firms

and households to adopt more energy-efficient technology to, therefore, reduce energy usage.

More generally, energy economists have identified that, within a country, energy use does not

change much when price prices change, especially within a year. (Labandeira et al., 2017,

Gao et al. 2021, Hassel et al. 2022) The different price elasticities of energy identified from

cross-country data and cross-time data suggest low short-run and high long-run elasticities

of energy use (Atekeson and Kehoe, 1999).

2.5 What if the Ex-Ante Elasticity between Energy and Other

Inputs is not Zero

In the analysis above, I assume that energy and other inputs are perfect complements with a

given technology choice θ. In this subsection, I relax this assumption by assuming that they

are imperfect complements and that the firm-household has access to a Constant Elasticity

of Substitution (CES) production function:

y =

((
θν−1h

) ϵy−1

ϵy + (θνe)
ϵy−1

ϵy

) ϵy
ϵy−1

Here, the ex-ante elasticity of substitution is ϵy while the ex-post elasticity is still unitary.

The firm-household’s problem then becomes

max
θ,e

((
θν−1h

) ϵy−1

ϵy + (θνe)
ϵy−1

ϵy

) ϵy
ϵy−1

− pee− τθθ

The FOCs are

18



Figure 1: Energy Price, Capital Intensity, and Energy Intensity: The first panel depicts
the cross-country relationship between the log energy price (x-axis) and log energy intensity
(y-axis). The second panel depicts the relationship between the log capital intensity (x-axis)
and log energy intensity (y-axis). The energy price is proxied by price of electricity (US
cents per kWh). The energy intensity is proxied by energy intensity level of primary energy
(MJ/$2017 PPP GDP in 2015). The capital intensity is proxied by Energy by 2017 PPP
Capital Stock/$2017 PPP GDP in 2015. This figure reveals the negative correlation between
energy intensity and energy price, as well as the negative correlation between energy intensity
and capital intensity.
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y
1
ϵy (θνe)

− 1
ϵy θν − pe = 0

y
1
ϵy (θνe)

− 1
ϵy (ν)θν−1 + y

1
ϵy
(
θν−1h

)− 1
ϵy (ν − 1)θν−2 − τθ = 0

We then have

y
1
ϵy e

− 1
ϵy (θν)

1− 1
ϵy − pe = 0 ⇒

e
− 1

ϵy = pe (θ
ν)

1−ϵy
ϵy y

− 1
ϵy ⇒

e = p−ϵy
e (θν)ϵy−1 y

If ex-ante elasticity of substitution ϵy = 0, then

e = θ−νy

The energy usage for a given level of output is entirely determined by the energy efficiency

θ. However, if ϵy > 0, then even if θ is fixed at the optimal level θ∗, a lower energy price

would still lead to higher energy usage as

∂e

∂pe

pe
e

= −ϵy

Even if the government can use energy efficiency subsidies τθ to implement a socially

optimal θ, energy is still overused if a wedge exists between its private and social costs.

In the next section, I show that, even though these two subsidies are not able to exactly

implement the social optimum, green energy subsidies and energy efficiency subsidies can

still implement an equilibrium very close to it.

3 A Dynamic Model

I now consider a dynamic model to assess the effectiveness of subsidies versus brown taxes

over time. In addition to incorporating dynamics across time, this model also extends the
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static model in several ways. Here, I relax the assumption of the Leontief production function

by allowing some degree of ex-ante elasticity of substitution between energy and other inputs.

Technology adjustment costs and endogenous capital accumulation are also introduced. The

government’s constrained-efficient optimization problems are solved under different policy

scenarios: business-as-usual, brown taxes, green subsidies, and green subsidies paired with

energy efficiency subsidies. The equilibrium outcomes under different policy scenarios are

then compared.

3.1 The Energy Firm

The setting for the energy sector is identical to that in the static model. A perfectly compet-

itive energy firm uses CES technology to produce the final energy et with brown and green

energy inputs eb,t and eg,t. Both brown and green energy inputs are produced with constant

marginal costs cb,t and cg,t, respectively, in terms of final output. In the baseline model, cb,t

and cg,t are assumed to be constant over time. Energy et is then sold to the firm-household

at price pe,t. This firm is also potentially subject to taxes or subsidies imposed on either

type of energy inputs τb,t and τg,t, which are rebated lump sum to the firm-household. The

profit maximization problem of this energy firm is

max
eb,t,eg,t,et

pe,tet − cb,teb,t − cg,teg,t − τb,teb,t − τg,teg,t

s.t.

et =
(
λ (eb,t)

ϵe−1
ϵe + (1− λ) (eg,t)

ϵe−1
ϵe

) ϵe
ϵe−1

(7)

3.2 The Firm-Household

A representative firm-household has an infinite life horizon with a year-long period length.

Its preference is given by
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W =
∞∑
t=0

βt c
1−α
t

1− α

In this expression, 1/α is the intertemporal elasticity of consumption, β is the discount

factor, and ct is consumption. This agent, with labor-augmenting total factor productivity

(TFP) At, combines capital kt, endowed labor l, and energy et to produce final goods using

a CES production technology with ϵy < 1 :

yt =

((
θν−1
t A1−σ

t kσ
t l

1−σ
) ϵy−1

ϵy + (θνt et)
ϵy−1

ϵy

) ϵy
ϵy−1

(8)

Labor l is supplied inelastically. The law of motion for labor-augmenting TFP At is

At+1 = exp (gA)At. Energy et is purchased from the energy firm at the price pe,t. Similar

to the static model, the firm can choose θt, the relative efficiency between energy and other

inputs. A higher θ implies a higher relative energy efficiency, and vice versa.8

If the agent’s technology choice in this period, θt, is different from the technology choice

in the last period, θt−1, the technology adjustment cost is
(
1−Ψ

(
θt

θt−1

))
yt where 0 ≤

Ψ() ≤.1, Ψ(1) = 0,Ψ′(1) = 0, and Ψ′′() >.0 . Under such a setting, the ex-ante elasticity

of substitution between the non-energy-input composite A1−σ
t kσ

t l
1−σ and energy et with a

given θt is ϵy while the ex-post elasticity is 1. Because of the technology adjustment cost,

the short-run elasticity of substitution between the non-energy-input composite A1−σ
t kσ

t l
1−σ

and energy et is mainly determined by the ex-ante elasticity ϵy. Nevertheless, the long-run

elasticity equals one, with a long-run energy share (of income) being 1 − ν (Leon-Ledesma

and Satchi, 2019). In other words, the production function is Cobb-Douglas in the long run,

while the short-run production process is characterized by complementarity between energy

and other inputs. Allowing for different short and long-run elasticities is consistent with

the empirical findings of Hassler et al. (2021). Technology choice subsidies, as a function

of θ,Tθ,t (θt) = τθ,tθt < 0, are also financed by lump-sum taxes (Tt) and given to the firm-

8In other words, the firm can choose its energy efficiency Be ≡ θνt and capital-labor efficiency Bk ≡ θν−1
t

on a loglinear technology frontier: ν logBk + (1− ν) logBe = 0 (0 < ν < 1).
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household.

Cumulative carbon emissions Mt, generated by brown energy usage with exogenously

given emission intensity ηt, are

Mt = M0 +
t∑

s=0

ηseb,s = Mt−1 + ηt−1eb,t−1

The cumulative emissions warm the planet and damage a share of final outputs given

by the function D (Mt). The emission intensity of brown energy ηt declines at the rate gη

(Krussel and Smith, 2022):

ηt+1 = exp (gη) ηt

The agent takes the path ofMt as given and does not internalize the effects of her decision

on Mt. After incurring climate damage, the technology adjustment cost, and the energy cost,

the remaining final outputs can either be consumed as ct or be invested into capital kt+1,

which depreciates at the rate δ. The resource constraint for the agent is

ct + kt+1 − (1− δ)kt

= D (Mt)Ψ

(
θt
θt−1

)((
θν−1
t A1−σ

t kσ
t l

1−σ
) ϵy−1

ϵy + (θνt et)
ϵy−1

ϵy

) ϵy
ϵy−1

− pe,tet + τθ,tθt + Tyt (9)

The agent’s optimization problem is then characterized by the Bellman equation:

V (θt−1, kt,Mt, At, ηt) =

max
θt,kt+1,et,ct

c1−α
t

1− α
+ βV (θt, kt+1,Mt+1, At+1, ηt+1)

s.t.

(8) and (9)
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Following Leon-Ledesma and Satchi (2019), I assume the technology adjustment cost is

a symmetric exponential function with γ as the technology adjustment scale factor. For a

given adjustment in θt relative to θt−1, a higher γ implies a higher adjustment cost 9:

Ψ

(
θt
θt−1

)
= exp

(
−1

2
γ ∗
(

θt
θt−1

− 1

)2
)

The functional form of the damage function is based on the recent advancement in climate

science that indicates the degree of global warming Ht is proportional to the cumulative

emissions with the transient climate response to emissions χ (IPCC, 2013)10:

Ht = χ ∗Mt

Following Barrage and Nordhaus (2023), the functional form of damage function is

D (Mt) = 1.0− d (Ht)
2 = 1.0− d (χ ∗Mt)

2

Here, the damage scale factor d determines the output loss with a given degree of warming.

3.3 The Decentralized Equilibrium

The Recursive Competitive Equilibrium is defined as follows: I denote s as the vector of state

variables (θt−1, kt,Mt, At, ηt). A recursive competitive equilibrium is defined by a perceived

law of motion for the cumulative carbon emissions M̂(s), tax/subsidy rules τ̂b(s), τ̂g(s), τ̂θ(s),

and decision rules k′(s), θ(s), e(s), eb(s), eg(s) with associated value function V (s) such that:

1. {k′(s), θ(s), e(s)} and V (s) solve the firm-household’s recursive optimization problem,

taking as given perceived M̂(s), energy price pe(s), and tax/subsidy rules τ̂b(s), τ̂g(s), τ̂θ(s);

2. {eb(s), eg(s), e(s)} solves the energy firm’s static optimization problem with the given
pe(s);

3. The profit of the energy firm is zero;

9The results presented in this paper still hold under the alternative quadratic adjustment cost function.
10In Appendix F, an alternative climate module is studied.
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4. The perceived law of motion for cumulative carbon emissions is consistent with the
actual law of motion M̂ ′(s) = M + ηeB(s); and

5. The perceived tax/subsidy rules are consistent with the actual rules: τ̂i(s) = τi(s).

Solving the maximization problem of the energy firm and the firm-household yields a

set of endogenous variables {θt+1, kt+1, ct, et, eb,t, eg,t, yt, pe,t} such that both (7) - (9) and the

following equations are satisfied.

pe,t =
(
λϵe (cb,t + τb,t)

1−ϵe + (1− λ)ϵe (cg,t + τg,t)
1−ϵe
) 1

1−ϵe (10)

eb,t
eg,t

=

(
1− λ

λ

cb,t + τb,t
cg,t + τg,t

)−ϵe

(11)

(
1− d (χMt)

2) ∗Ψ( θt
θt−1

)
y

1
ϵy

t ∗ (θνt et)
− 1

ϵy θνt = pe,t (12)

c−α
t

{(
1− d (χMt)

2)Ψ′
(

θt
θt−1

)
1

θt−1

yt

+
(
1− d (χMt)

2)Ψ( θt
θt−1

)
y

1
ϵy

((
θν−1
t A1−σ

t kσ
t l

1−σ
)− 1

ϵy (ν − 1)θν−2
t A1−σ

t kσ
t l

1−σ

+(θνt et)
1
ϵy νθν−1

t et + τθ,t

)
+ βc−α

t+1

((
1− d (χMt+1)

2)Ψ′
(
θt+1

θt

)(
−θt+1

θ2t

)
yt+1

)
= 0

(13)

− c−α
t + βc−α

t+1 ∗
(((

1− d (χMt+1)
2)Ψ(θt+1

θt

)
y

1
ϵy

t+1

(
θν−1
t+1 ∗ A1−σ

t+1 k
σ
t+1l

1−σ
)− 1

ϵy θν−1
t+1 ∗ σ

∗A1−σ
t+1 ∗ kσ−1

t+1 l
1−σ + (1− δ)

))
= 0

(14)

Here, equation (10) is the standard CES price index for energy. Equation (11) describes

how the share of brown and green energy sources is influenced by their respective prices

after taxes and subsidies. Equation (12) indicates that the marginal cost of energy equals

its marginal benefit to the firm-household. Lastly, equations (13) and (14) are the Euler

equations governing technology choice θ and capital k, respectively.
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3.4 The Constrained-Efficient Optimization Problem

Since the focus of this paper is on the second-best policies, I formulate the optimization of a

benevolent government as the solution to a constrained-efficient optimization problem. The

government internalizes the negative externality of brown energy and aims to maximize the

welfare of the firm-household. Through the tax or subsidy instruments τb,t, τg,t, and τθ,t, the

government can choose allocations subject to the resource and implementability constraints

(7)-(14). It also faces bounds on policy instruments: τi,LB and τi,UB. These bounds determine

which policy instruments are feasible for the government. For example, if the upper bounds

τb,UB and τb,LB are both zero, the government can neither tax nor subsidize the brown input.

lower bounds This setting yields the constrained-efficient optimization problem characterized

by the Bellman equation as follows:

V (Mt,θt−1, kt, At, ηt) =

max
τb,t,τg,t,τθ,t,Mt+1,θt,kt+1,

et,eb,t,eg,t,yt,ct,pe,t

c1−α
t

1− α
+ βV (Mt+1, θt, kt+1, At+1, ηt+1)

s.t.

(7)-(14)

Mt+1 = Mt + ηteb,t

τi,LB ≤ τi(s) ≤ τi,UB

The constrained-efficient equilibrium is defined by the policy functions kt+1(s),Mt+1(s)

with decision rules θt(s), et(s), eb,t(s), eg,t(s), ct(s), τi,t(s), policy constraints τi,LB and τi,UB

with τi,LB ≤ τi(s) ≤ τi,UB, the value function V(s), and the conjectured functions char-

acterizing the decision rule of the future planner θ′(s), e′(s), c′(s) such that the following

conditions hold:

1. Planner’s optimization: V(s) and kt+1(s),Mt+1(s), θt(s), et(s), eb,t(s), eg,t(s), τi,t(s) solve

the Bellman equation defined above; and
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Table 1: Policy Scenarios and the Corresponding Tax/Subsidy Constraints

Policy Scenarios Policy Instrument Constraints
Brown taxes only τb,t ≥ 0, τg,t = 0, τθ,t = 0
Green subsidies only τb,t = 0, τg,t ≤ 0, τθ,t = 0
Technology choice subsidies + green subsidies τb,t = 0, τg,t ≤ 0, τθ,t ≤ 0
The business-as-usual (BAU) τb,t = 0, τg,t = 0, τθ,t = 0

Notes: This table lists the constraints the government faces under different policy
scenarios.

2. The conjectured decision rules are consistent with the actual decision rules.

I study four policy scenarios in which different policy instruments are feasible for the

government: brown taxes only, green energy subsidies only, technology choice subsidies to-

gether with green subsidies, and BAU. The corresponding constraints of these scenarios are

summarized in Table 1.

As in the static model, setting carbon taxes equal to the marginal utility damage of

brown energy (i.e., SCC) usage:

Proposition 2 If

τ ∗b,t = SCCt = ηtκt

κt = β

(
ct+1

ct

)−α((
−D′ (Mt+1)Ψ

(
θt+1

θt

)
yt+1

)
+ κt+1

)
,

the recursive competitive equilibrium coincides with the solution to the social planner’s prob-

lem in which the negative externality of brown energy usage is internalized.

Also, when the ex-ante elasticity between energy and other inputs ϵy = 0, if subsidies on

technology choice τθ,t and τg,t are both feasible for the government, the soical optimum can

be implemented:
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Proposition 3 If ϵy = 0 and

τ ∗θ,t =
(µt − pt)

c−α
t

(
− 1

θ2t
kσ
t l

1−σ

)
τ ∗g,t = cg,t

(
cb,t

cb,t + τ ∗b,t
− 1

)

with

µt =
(
λϵe (cb + SCCt)

1−ϵe + (1− λ)ϵe (cg)
1−ϵe
) 1

1−ϵe

pt =
(
λϵe (cb)

1−ϵe + (1− λ)ϵe
(
cg,t + τ ∗g

)1−ϵe
) 1

1−ϵe
,

the recursive competitive equilibrium coincides with the solution to the social optimum.

Proof. See Appendix C

Corollary 3 For any given τb,t, there exists a corresponding τ ∗g,t and τ ∗θ,t such that the de-

centralized equilibrium coincides with the solution to the social optimum..

The formula for optimal subsidies has an interpretation identical to that of its static

counterpart. To achieve the social optimum, the government needs to use two subsidies:

one on green energy inputs to increase its share in the energy sector and one on technology

choice to promote higher energy efficiency.

However, as I argued in section 2.5, technology choice subsidies and green subsidies cannot

implement the social optimum if the ex-ante elasticity of substitution between other inputs

and energy, ϵy, is not zero. Nevertheless, as demonstrated later in the quantitative results

in sections 3.7 and 3.8, technology choice subsidies, together with green subsidies, can bring

the magnitude of emission reduction to a level close to that under brown taxes.

3.5 Solution Method

To solve the model numerically, the government’s optimization problem is normalized by

TFP and labor. I define k̃t =
kt
Atl

, c̃t =
ct
Atl

, ỹt =
yt
Atl

, ẽt =
et
Atl

, ẽb,t =
eb,t
Atl

, ẽg,t =
eg,t
Atl

, τ̃θ,t =
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τθ,t
Atl

, T̃θ,t =
Tθ,t

Atl
, T̃e,t = Te,t

Atl
, η̃t = At ∗ l ∗ ηt, and Ṽt = Vt

A1−α
t l

. Here, η̃t captures the carbon

intensity of brown energy per unit of effective labor ẽb,t. The model after normalization is

described in detail in Appendix C. The recursive constrained-efficient optimization problem

of the government is then rewritten as

V
(
Mt,θt−1, k̃t, η̃t

)
= max

τb,t,τg,t,τ̃θ,t,Mt+1,θt+1,kt+1,
c̃t,ẽt,ẽb,t,ẽg,t,ỹl,pe,t

c1−α
t

1− α
+ βe(1−α)gV

(
Mt+1,, θt, k̃t+1, η̃t+1

)

s.t.

(7∗)− (14∗)

η̃t+1 = η̃t exp (gA + gη)

Mt+1 = Mt + η̃t ∗ ẽb,t

τi,UB < τi(s) < τi,LB

For notional convenience, I will omit the tilde sign for the rest of the paper. Any

lower-case variables denote normalized variables unless otherwise noted. The normalized

model is solved using backward value function iteration. At each iteration, with a given

value function V (Mt+1, θt, kt+1, ηt+1) as well as future decision rules θt+1 (Mt+1, θt, kt+1, ηt+1),

et+1 (Mt+1, θt, kt+1, ηt+1), and ct+1 (Mt+1, θt, kt+1, ηt+1), the maximization problem above is

solved by non-linear programming on a finite number of grid points. Using the results

as the training inputs, I then train Gaussian processes to approximate the value function

Vt (Mt, θt, kt, ηt) as well as decision rules for the firm-household θt (Mt,θt−1, kt, ηt) ,

et (Mt,, θt−1, kt, ηt), ct (Mt,θt−1, kt, ηt), which are used as inputs for the next value function

iterations. This procedure is repeated until the value function and policy function converge.

3.6 Calibration

I follow Nordhaus (2017) and set α = 1.45 and β = 0.985. I set σ = 0.35 and ν = 0.94 to

match the long-run capital and energy share of income. I assume that TFP At, grows at a
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rate of 2.36% annually. The carbon intensity of brown energy ηt also declines at the same

speed such that the carbon intensity of brown energy usage per unit of effective labor is

constant over time.11 The ex-ante elasticity of substitution between the non-energy-inputs

composite and the energy, ϵy, is 0.05. This value is consistent with the empirical finding

of Hassler et al. (2021), which suggests a very low short-run elasticity between energy and

other inputs. The transient climate response to emissions χ, which links the cumulative

emissions and the degree of warming, is 1.6 (Rudik, 2020). I set the damage parameter d to

0.003476 so that 3 degrees of warming leads to a 3.13% output loss (Barrage and Nordhaus,

2023). The technology adjustment cost parameter γ is set to 2.498, which implies that a

0.01% increase in the energy price decreases the annual energy usage by a 0.005% when

θ is in the steady state of the baseline economy. This setting is generally consistent with

the empirical estimation of the annual price elasticity of energy, which suggests a value

of approximately -0.2 (Labandeira et al., 2017, Gao et al. 2021); I also run a sensitivity

analysis on this parameter and find that my results are robust to a wide range of values.

The relative brown and green costs are based on the coal and green energy prices in Hassler

et al. (2017). Their absolute per-unit prices and the initial carbon emission intensity are set

to match BAU emissions to the 46 billion global carbon dioxide emissions in 2015. The share

parameter for green energy 1−λ follows Golosov et al. (2014). The value of the elasticity of

substitution between green and brown energy, ϵe, is set to 1.8 based on the empirical study by

Papageogiou et al. (2017), so that green and brown energy sources are substitutable inputs.

I also examine the results when ϵe = 0.95 (Stern, 2007; Golosov et al., 2014). The initial

technology choice θ−1 is set according to its steady state when climate change damage is zero.

Without climate change or government interventions, the firm-household would never adjust

its technology choice θt, and the technology choice stays at θ−1 forever. The initial capital

stock k0 is calibrated to match the 26% global gross capital formation rate in 2015. Table 2

lists some of the key model parameters that are calibrated or taken from the literature.

11I examine the robustness of my conclusion to this assumption in Appendix D.
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Table 2: Calibrated Parameters

Parameter Value Source/Target
The Energy Firm:

ϵe 1.85 Papageorgiou et al. (2017)
cb/cg 74/600 Hassler et al. (2021)
λ 0.644 Golosov et al. (2014)

The Firm-Household:
α 1.45 Nordhaus (2017)
β 0.985 Nordhaus (2017)
ϵy 0.05 Hassler et al. (2022)

1− ν 0.031 Golosov et al (2014)
σ 0.25 Golosov et al (2014)
δ 0.06 Casey (2023)
χ 1.6 Rudik (2020)
d 0.003467 Barrage and Nordhaus (2023)
gA 0.023 Golosov et al (2014)
γ 2.49 Calibrated

Notes: Lists model parameters that are calibrated or taken from the literature.

3.7 Baseline Quantitative Results a High Elasticity of Substitu-

tion between Brown and Green

This subsection evaluates the baseline quantitative results of the model given a high elasticity

of substitution between green and brown energy (ϵe = 1.85) in a simulation spanning 150

years starting in 2015 under the four policy scenarios listed in Table 1: BAU, brown (carbon)

taxes, green subsidies, and green plus energy efficiency subsidies. Table 3 summarizes the

cumulative carbon emissions in 2100 and the welfare gain relative to BAU.

Figure 2 shows the path of several endogenous variables under BAU and brown taxes.

Under the BAU scenario (depicted by yellow lines with diamond markers in the figure), the

government does not implement any policy instruments. Cumulative carbon emissions reach

1,406 gigatons by the end of the century (as shown in subplot 4), which is equivalent to

2.25 degrees Celsius of warming. Without any policy interventions from the government,

technology choice θt remains relatively unchanged over time, even though energy demand

escalates due to capital accumulation. If the government can impose carbon taxes τb,t (red
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Table 3: End-of-the-Century Cumulative Emissions and Welfare Gain Relative to BAU under
Carbon Tax (Brown Taxes), BAU, Green Subsidy, and Green + Energy Efficiency Subsidy

Policy Scenarios
Cumulative Emissions in 2100

(billion Ton)
Welfare Gain

(% in terms of CEV)
The business-as-usual (BAU) 1406 0.0
Brown (Carbon) taxes 1214 0.16
Green subsidies 1391 0.002
Technology choice subsidies + 1233 0.14
green subsidies

Notes: This table lists the cumulative carbon emissions in 2100 and the welfare gain
relative to BAU under different policy scenarios.

lines with circle markers), the optimal tax rate τb,t/cb would be 35% in 2015, and it would rise

to 75% by the end of the century (subplot 1). Implementing the optimal carbon taxes could

lead to a 13.6% reduction in cumulative emissions, bringing them down to 1214 gigatons in

2100. Fewer emissions correspond to a smaller increase in global temperatures, which in this

scenario is limited to 1.92 degrees Celsius. Brown taxes lead to higher consumption levels in

the long run. If the optimal taxes are imposed on brown energy, the welfare gain in terms of

equivalent consumption is 0.16%. In line with theoretical expectations, the introduction of

brown taxes notably enhances energy efficiency (θt), as illustrated in subplot 7. Thanks to

higher energy efficiency, compared to energy consumption in the BAU scenario, this policy

results in a significant 24% decrease in energy consumed by 2050, despite the higher capital

stock, as shown in subplot 8.
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Figure 2: Paths of Endogenous Variables under Brown (Carbon) Tax and BAU. This figure demonstrates the paths of endogenous
variables under BAU and brown taxes policy scenarios in Table 1 when brown-green elasticity is high. It shows that optimal
brown taxes can effective reduce carbon emissions, improve energy efficiency, and bring long-run consumption gains.
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The endogenous variables under green subsidies are shown in Figure 3, along with those

under BAU and brown taxes. In the scenario in which only green subsidies are implemented

(illustrated by green lines with cross markers), the absence of technology subsidies results

in a green subsidy rate τg,t/cg of −14.5% in 2015, as shown in subplot 2. Green subsidies,

without the support of technology subsidies, only reduce cumulative emissions by merely

1% by the century’s end compared to emissions in the BAU scenario, highlighted in subplot

4. The green-subsidies-only policy scenario leads to a limited welfare gain of 0.002%. The

limited effectiveness of green energy subsidies on their own is attributed to the fact that,

without technology subsidies, green energy subsidies fail to improve the energy efficiency

of the downstream sector. The negative scale effect of green subsidies on energy efficiency,

while not substantially large, is observable in the changes to energy efficiency and energy

usage patterns, as depicted in subplots 7 and 8.
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Figure 3: Paths of Endogenous Variables under Carbon Tax (Brown Taxes), BAU, and Green Subsidies. This figure demonstrates
the paths of endogenous variables under BAU, brown taxes, and green subsidies policy scenarios in Table 1 when brown-green
elasticity is high. It shows that the emission reductions and welfare gain brought by green subsidies alone are very modest as
green energy subsidies fail to improve the energy efficiency of the economy.
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The blue lines with star markers represent the green subsidy plus technology choice

subsidy policy scenario in Figure 4. When the optimal technology subsidies τθ,t are also

imposed, the optimal green subsidy rate reduces to 14.2% per unit in 2015 (subplot 2).

Just as in the static model, a modest level of technology subsidies is warranted to ensure

the energy efficiency of the economy if both technology subsidies and green subsidies are

feasible. In 2015, the optimal technology subsidy τθ,t costs approximately 0.4% of total

output. This rate rises to approximately 0.6% by the end of the century (subplot 3). When

both energy efficiency subsidies and green subsidies are feasible, cumulative emissions are

only slightly higher than those under the first-best carbon tax scenario. These two types of

subsidies together reduce cumulative emissions by 12.3%, leading to a cumulative emission

of 1,233 tons, or a 1.93 degree of warming, by the end of the century. In subplot 5, which

illustrates the consumption levels across different policy scenarios, we clearly see that the

consumption levels under the green subsidies plus technology choice subsidies policy align

closely with those under the first-best brown taxes. When green subsidies are paired with

technology subsidies, the consumption-equivalent welfare gain is 0.14%. The patterns for

the technology choice θ and energy e are similar to those under the first-best carbon taxes.

(subplots 7 and 8). Subplot 9 demonstrates that the patterns of capital accumulation remain

consistent across the various policy scenarios.

36



Figure 4: Paths of Endogenous Variables under Carbon Tax (Brown Taxes), BAU, and green + energy Efficiency Subsidies.
This figure demonstrates the paths of endogenous variables under BAU, Brown Taxes, Green + Energy Efficiency Subsidies
policy scenarios in Table 1 when brown-green elasticity is high. It shows that the emission and energy usage reduction and
consumption level improvement relative to BAU can match those under first-best brown taxes scenerio.
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Table 4: End-of-the-Century Cumulative Emissions and Welfare Gain Relative to BAU under
Carbon Tax (Brown Taxes), BAU, Green Subsidy, and Green + Energy Efficiency Subsidy
when ϵe = 0.95

Policy Scenarios
Cumulative Emissions in 2100

(billion tons)
Welfare Gain

(% in terms of CEV)
The business-as-usual (BAU) 1561 0.0
Brown taxes 1230 0.3
Technology choice subsidies + 1249 0.28
green subsidies

Notes: This table lists the cumulative carbon emissions in 2100 and the welfare gain
relative to BAU under different policy scenarios when ϵe = 0.95.

3.8 Quantitative Results with an Alternative Low Elasticity of

Substitution between Brown and Green

This sub-section re-evaluates the baseline quantitative results of the model in the context

of a low elasticity of substitution between green and brown energy (ϵe = 0.95). The re-

evaluated results are exhibited in Figure 5. Table 4 lists the cumulative carbon emissions

in 2100 and the welfare gains relative to BAU under the different policy scenarios.12 Figure

3 shows the path of endogenous variables under these different policy scenarios. Although

green and brown energy inputs are now complementary goods, the emission reductions and

welfare gains brought by the paired green and energy efficiency subsidies remain similar to

those brought by brown taxes.

12The green-subsidies-only scenario is not examined here because the optimal green energy subsidies are
negative when green and brown energy are complementary goods, as shown in the static model and Casey
et al. (2023).
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Figure 5: Paths of Endogenous Variables under Carbon Tax (Brown Taxes), BAU, Green Subsidies, and Green + Energy
Efficiency Subsidies when ϵe=0.95. It shows that the emission reductions and welfare gain brought by green subsidies alone are
very modest as green energy subsidies fail to improve the energy efficiency of the economy ubder an alternative ϵe.
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Under the BAU scenario, the government still does not impose any taxes or subsidies

(subplots 1, 2, and 3). The cumulative emissions by the end of the century are 1,561 gigatons

of carbon (subplot 4). Still, without policy interventions, θ is broadly stable over time. If

brown taxes are accessible to the government, the optimal tax rate is $176 per ton of carbon

dioxide. Subplot 4 reveals that the optimal implementation of brown taxes can reduce

cumulative emissions by the end of the century by 21.2% to 1,230 gigatons. From subplot

6, we can learn that the energy efficiency of the final goods production process improves

significantly over time. The welfare gains under different policy scenarios, compared to

those under the BAU, are evaluated. If the optimal taxes are imposed on brown energy

inputs, the welfare gain in terms of equivalent consumption is 0.30%.

When both green subsidies and technology choice subsidies are accessible, then, in 2015,

the optimal green subsidy rate is $139.6, and the technology subsidy costs approximately

0.75% of GDP; in 2050, these two numbers rise to $231 and 1%, respectively. The combina-

tion of these two policy instruments reduces cumulative carbon emissions almost as effectively

as brown taxes: subplot 4 shows that the cumulative emissions in 2100 are 1,249 gigatons.

The path of θt is also similar to that when the optimal brown taxes are imposed. When green

subsidies are paired with technology subsidies, the consumption-equivalent welfare gain is

0.28%.

3.9 The Role of Technology Adjustment Cost

In this subsection, I examine how the optimal paths under different policy scenarios are

affected by the technology adjustment cost parameter γ. In Appendix F, Figure F.1 shows the

optimal endogenous paths when γ = 10.0, and Figure F.2 shows these paths when γ = 20.0.

From these figures, we see that a higher adjustment cost γ leads to a slower increase in

energy efficiency θ and ultimately brings higher cumulative carbon emissions. Nevertheless,

regardless of the value of γ, the combination of energy efficiency subsidies and green subsidies

remains an ideal alternative to the first-best brown taxes. When γ = 10.0, the brown tax
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Table 5: End-of-the-Century Cumulative Emissions and Welfare Gain Relative to BAU under
Carbon Tax (Brown Taxes), BAU, Green Subsidy, and Green + Energy Efficiency Subsidy
with Learning-by-Doing

Policy Scenarios
Cumulative Emissions in 2100

(billion Ton)
Welfare Gain

(% in terms of CEV)
The business-as-usual (BAU) 1392 0.0
SP 1205 0.15
Brown taxes 1204 0.14
Green subsidies 1352 0.05
Technology choice subsidies + 1213 0.14
green subsidies

Notes: This table lists the cumulative carbon emissions in 2100 and the welfare gain
relative to BAU under different policy scenarios when learning-by-doing is introduced in

the energy sector.

leads to a 12.3% reduction in cumulative emissions, whereas a combination of subsidies

achieves an 11.4% reduction. When γ = 20.0, brown taxes can reduce cumulative emissions

by 11.1% compared to a 10.2% reduction achieved through the subsidy combination.

4 Extension: Learning-by-Doing

I extend the baseline model in this section by allowing directed technical change in the green

energy sector. Here, I assume that the cost of green energy inputs cg,t decreases as green

energy usage eg,t increases the knowledge stock St about green energy (learning-by-doing).

That is,

cg,t = cg, min +

(
Ω

St

)γg

St+1 = St + eg,t

In the expressions above, cg, min is the long-run price of green energy, Ω > 0 is a scaling

factor, and γg > 0 is the learning exponent. I set γg = 0.3 and Ω = 0.02 following Kalkuhl

et al (2012). cg,min is set to be one tenth of cg,0. The positive learning externality from

green energy usage is not internalized by the firm-household. The government’s constrained-
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efficient optimization problem then becomes the following:

V (Mt,, θt−1, kt, St) = max
τb,t,τg,t,τθ,t,Mt+1,θt+1,kt+1,
ct,et,eb,t,eg,t,yt,pe,t,cg,t,St+1

c1−α
t

1− α
+ βe(1−α)gV (Mt+1, θt, kt+1, ηt+1, St+1)

s.t.

(7∗)− (14∗)

ηt+1 = ηt exp (gA + gη)

Mt+1 = Mt + ηteb,t

cg,t = pcost, min +

(
Ω

St

)γg

St+1 = St + eg,t

τi,UB < τi(s) < τi,LB

In contrast to the baseline model without learning-by-doing, brown taxes alone cannot

correct the positive externality of green energy usage because they can not directly address

the positive externality of learning. So, in this section, I also explore the social planner (SP)

policy scheme in which the government faces no implementability constraints to evaluate

how close each type of policy scheme can bring us to the social optimum.
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Figure 6: Paths of Endogenous Variables under Carbon Tax (Brown Taxes), BAU, Green Subsidy, and Green + Energy Efficiency
Subsidy with Learning-by-Doing
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I solve the model after setting ϵe to 1.85 and γ to 2.498, as in the baseline model. The

results are summarized in Figure 6 and Table 5. Under the BAU scenario, the cumulative

carbon emissions by the end of the century are 1392 gigatons. Compared to the no-learning

scenario, the cumulative emissions are lower even in the absence of policy interventions. The

unit price of green energy decreases by 39%. Similar to the no-learning case, θ is, in general,

stable over time. In contrast, under the SP scenario, the cumulative emissions are 1205

gigatons in 2100. The cost of green energy then is halved, and the relative energy efficiency

θ increases by approximately 20%. In terms of equivalent consumption, the SP policy brings

a 0.15% gain in welfare compared to the BAU policy.

The optimal standalone brown tax rate in 2015 is higher than 100% because brown taxes

also need to be imposed to indirectly promote higher productivity in the green sector. This

approach leads to cumulative emissions of 1204 billion tons in 2100 and significantly increases

θ while reducing energy usage, e. The welfare gain under standalone brown taxes compared

to that under BAU is 0.14%.

Under the green-subsidies-only scenario, the optimal green subsidy rate in 2015 is ap-

proximately 35%. We should note that such a policy leads to the lowest green energy cost

because the low energy efficiency generated by green subsidies leads to energy usage being

higher than that under the social optimum. The emission reduction brought by green subsi-

dies alone is still limited: in 2100, the cumulative emissions are 1352 billion tons. Moreover,

the energy efficiencies of final goods production are decreasing over time. Green energy

subsidies alone can only give the household a welfare gain of 0.05%

Under the green-and-technology-choice-subsidies scenario, the optimal rate is still ap-

proximately 35%, and the subsidies on energy efficiency cost approximately 0.5% of total

output. The cumulative emissions in 2100 are then 1213 billion tons. The welfare gain is

0.14%. We should notice that both brown taxes and two types of subsidies can implement

energy efficiency levels that are close to those under the SP. In summary, both brown taxes

and paired subsidies are shown to be good-performing second-best policies with directed
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technical change in the energy sector.

5 Conclusion

I propose a model that features the long-run energy efficiency decision of a firm-household to

address the effectiveness of subsidies as an alternative to carbon taxes to correct the negative

externality of carbon emissions. Compared to the first-best carbon taxes, green energy

subsidies reduce the price of energy and deter the adoption of energy-saving technologies.

In the baseline model in which green and brown energy sources are substitute goods, the

optimal carbon tax can reduce cumulative emissions by 13.6% by the end of the century. By

contrast, optimal green subsidies alone can mitigate the cumulative emissions by only 1.0%.

Nevertheless, green subsidies jointly implemented with technology subsidies can approximate

the impact of carbon taxes. With both types of subsidies in place, cumulative emissions can

be reduced by 12.3%. The model is also evaluated under alternative values of elasticity

of substitution between energy sources and the technology adjustment cost. The role of

learning-by-doing is also addressed. In summary, subsidies are shown to be an ideal substitute

for carbon pricing if both the substitution from green energy toward brown energy and the

substitution of energy toward other inputs are encouraged.

Finally, I offer a few directions for future research. Because I assume a representative

household in the model, the distributional consequences of taxes and subsidies are not ad-

dressed, even though carbon taxes may be regressive. The fiscal implications of taxes and

subsidies are also overlooked in this paper. In the static model, we can see that, even though

subsidies can replicate the solution to the social planner’s problem, implementation of such

subsidies places more substantial information demands on the government compared to the

needs for brown taxes’ implementation. To implement the optimal brown taxes, the govern-

ment only needs to know the social cost of carbon, which is defined as the marginal damage

of carbon emissions. In contrast, the implementation of optimal subsidies requires almost
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perfect knowledge of the production cost of brown and green energy and the production

functions of both sectors. This weakness of subsidies is not surprising. In essence, brown

taxes are a type of price regulation. Subsidies instead can be seen as a type of quantity

regulation as the government aims to implement an optimal quantity of carbon emissions

by encouraging substitutes for fossil fuels. As Hassler et al. (2016) argue, the quantity

regulation may require more information than the price regulation. These information de-

mands of subsidies pose practical challenges. In this paper, price-induced energy efficiency

changes are interpreted as adjustments of the technology choice along a given technology

menu. In the real world, such changes can be caused by different mechanisms, including (1)

directed technical change, as highlighted by Hassler et al. (2021), (2) the production process

chosen by the firm, as discussed by Hawkins-Pierot and Wagner (2023), and (3) the relative

weight of energy-intensive industry in the whole economy, as illustrated in Hart (2008) and

Bachmann et al. (2022). That is, higher energy prices can encourage scientists to put more

effort into developing energy-efficient technology and firms to adopt existing energy-efficient

technology, thereby shrinking the energy-intensive sector and growing the energy-saving in-

dustry. Understanding and distinguishing the influences of these three factors is crucial for

crafting effective and practical policy measures.
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Appendix A: Directed Technical Change and Technol-

ogy Choice on the Technology Menu

In this appendix, I show that the baseline model featuring the technology choice of the

firm-household also can be interpreted as the directed technical change between capita-

labor-augmenting technology BK,t and the energy-augmenting technology BE,t. That is, the

production technology of the firm-household is

Yt =

((
BK,tK

σ
t L

1−σ
) ϵy−1

ϵy + (BE,tEt)
ϵy−1

ϵy

) ϵy
ϵy−1

Here, we define

θt ≡
BE,t

BK,t

and

Xt ≡ BK,tθ
1−ν
t

Then,

BK,t = Xtθ
ν−1
t

and

BE,t = Xtθ
ν
t

The production function then becomes

Yt = Xt

((
θν−1
t Kσ

t L
1−σ
) ϵy−1

ϵy + (θνtEt)
ϵy−1

ϵy

) ϵy
ϵy−1

We assume that the firm-household gets access to a unit mass of R&D resources that can

be either allocated to the improvement of BE,t (nt) or that of BK,t (1− nt) with the speed g

:

BE,t = BE,t−1 (1 + ntg)

BK,t = BK,t−1 (1 + (1− nt) g)

51



Then,

θt
θt−1

=
BE,t

BK,t

/
BE,t−1

BK,t−1

=
1 + ntg

1 + (1− nt) g

That is, the firm-household effectively chooses θt on a log-linear technology menu. In

contrast to the baseline model, the model does not feature a technology adjustment cost.

Instead, the friction that leads to the difference between the short-run and long-run price

elasticity of energy is caused by the limited R&D resources as 1
1+g

≤ θt
θt−1

≤ 1 + g. In the

end, we can detrend the model by defining yt =
Yt

Xm
t L

, kt =
Kt

Xm
t L

, et =
Et

Xm
t L

, and θ̃t =
θt
Xn

t
with

m = 1
1−σ

1
ν
and n = − 1

ν
. The normalized production function is then

yt =

((
θ̃ν−1
t kσ

t

) ϵy−1

ϵy
+
(
θ̃νt et

) ϵy−1

ϵy

) ϵy
ϵy−1

Appendix B: The Normalized Model

In this appendix, I lay out the model after the normalization. I define k̃t =
kt
Atl

, c̃t =
ct
At
, ỹt =

yt
Atl

, ẽt =
et
Att

, ẽb,t =
eb,t
Atl

, ẽg,t =
eg,t
Atl

, τ̃θ,t =
τθ,t
Atl

, T̃θ,t =
Tθ,t

At
l , T̃e,t =

Te,t

Atl
, η̃t = At ∗ l ∗ ηt, Ṽt =

Vt

A1−α
t l

,

and β̃ = e(1−α)gβ. Here, η̃t captures the carbon intensity of brown energy per unit of effective

labor ẽb,t.

The energy firm’s optimization problem then becomes

max
eb,t,eg,t

pe,tẽt − cb,tẽb,t − cg,tẽg,t − τb,tẽb,t − τg,tẽg,t + T̃e,t

s.t.

ẽt =
(
λ (ẽb,t)

ϵe−1
ϵe + (1− λ) (ẽg,t)

ϵe−1
ϵe

) ϵe
ϵe−1

(7*)

The firm-household’s problem is then

Ṽ (θt−1, kt,Mt, At, ηt)

= max
θt,k̃t+1,Mt+1,ct

c̃1−α
t

1− α
+ β̃Ṽ (θt, kt+1,Mt+1, At+1, ηt+1)

s.t.
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Mt+1 = Mt + ηtẽb,t

yt =

((
θν−1
t k̃σ

t

) ϵy−1

ϵy
+ (θνt ẽt)

ϵy−1

ϵy

) ϵy
ϵy−1

(8*)

c̃t + egk̃t+1 − (1− δ) k̃t (9*)

= D (Mt)Ψ

(
θt
θt−1

)((
θν−1
t ∗ k̃σ

t

) ϵy−1

ϵy
+ (θνt ẽt)

ϵy−1

ϵy

) ϵy
ϵy−1

− pe,tẽt + τ̃θ,tθt (10*)

+T̃y,t

The implementability constraints faced by the government then become

ẽb,t
ẽg,t

=

(
1− λ

λ

cb,t + τb,t
cg,t + τg,t

)−ϵe

(11*)

(
1− d (χMt)

2) ∗Ψ( θt
θt−1

)
ỹ

1
ϵy

t ∗ (θνt et)
− 1

ϵy θνt = pe,t (12*)

c̃−α
t

{(
1− d (χMt)

2)Ψ′
(

θt
θt−1

)
1

θt−1

ỹt

+
(
1− d (χMt)

2)Ψ( θt
θt−1

)
ỹ

1
ϵy

((θν−1
t k̃σ

t

)− 1
ϵy
(ν − 1)θν−2

t k̃σ
t

+(θνt ẽt)
1
ϵy νθν−1

t ẽt + τ̃θ,t

)
+ βc̃−α

t+1

((
1− d (χMt+1)

2)Ψ′
(
θt+1

θt

)(
−θt+1

θ2t

)
ỹt+1

)
= 0

(13*)

−eg c̃−α
t + β̃c̃−α

t+1

+

(((
1− d (χMt+1)

2)Ψ(θt+1

θt

)
ỹ

1
ϵt+1

t+1

(
θν−1
t+1 ∗ k̃σ

t+1

)− 1
ϵy
θν−1
t+1 k̃

σ−1
t+1

∗
(
1− d (χMt+1)

2)Ψ′
(
θt+1

θt

)(
−θt+1

θ2t

)
ỹt+1

)
= 0 (14*)

+(1− δ))) = 0

Appendix C: Implementation of the Social Optimum

when ϵy = 0

If ϵy = 0, we have
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yt = min
{
θν−1
t A1−σ

t kσ
t l

1−σ, θνt et
}

Per Appendix B, after proper normalization, we have

yt = min
{
θν−1
t kσ

t , θ
ν
t et
}

ct + kt+1 − (1− δ)kt + cbeb,t + cgeg,t = D (Mt)Ψ

(
θt+1

θt

)
yt

et =
(
λ (eb,t)

ϵe−1
ϵe + (1− λ) (eg,t)

ϵe−1
ϵe

) ϵe
ϵe−1

Mt+1 = Mt + ηteb,t

The social planner’s problem is

max
∞∑
t=0

βt

(
D (Mt)Ψ

(
θt+1

θt

)
θν−1
t kσ

t − kt+1 + (1− δ)kt − cb,teb,t − cg,teg,t

)1−α

1− α

−λt

(
1

θt
kσ
t −

(
λ (eb,t)

ϵe−1
ϵe + (1− λ) (eg,t)

ϵe−1
ϵe

) ϵe
ϵe−1

)
+ κ̃t (Mt+1 −Mt − ηteb,t)

The FOCs are

− c−α
t + β

((
D (Mt+1)Ψ

(
θt+2

θt+1

)
θν−1
t+1 σk

σ−1
t+1 + (1− δ)kt+1

)
c−α
t+1 − λt+1

1

θt+1

σkσ−1
t+1

)
= 0

(C.1)(
D (Mt)Ψ

′
(

θt
θt−1

)
θν−1
t kσ

t +D (Mt)Ψ

(
θt
θt−1

)
1

θt−1

(ν − 1)θν−2
t kσ

t

)
c−α
t − λt

(
− 1

θ2t
kσ
t

)
(C.2)

+ β

(
D (Mt+1)Ψ

′
(
θt+2

θt+1

)(
− 1

θ2t+1

)
θν−1
t+1 σk

σ−1
t+1

)
c−α
t+1 = 0

− cbc
−α
t − λt

(
−λ (eb,t)

− 1
ϵe e

1
ϵe
t

)
− κ̃tηt = 0 (C.3)

− cgc
−α
t − λt

(
−(1− λ) (eg,t)

− 1
ϵe e

1
ee
t

)
= 0 (C.4)

κ̃t − β
(
D′ (Mt+1) yt+1c

−α
t+1 + κ̃t+1

)
= 0 (C.5)

The market equilibrium conditions are instead characterized by
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−c−α
t + β

((
D (Mt+1)Ψ

(
θt+2

θt+1

)
θν−1
t+1 σk

σ−1
t+1 + (1− δ)kt+1

)
c−α
t+1 − λt+1

1

θt+1

σkσ−1
t+1

)
= 0

(C.6)(
D (Mt)Ψ

′
(

θt
θt−1

)
θν−1
t kσ

t +D (Mt)Ψ

(
θt
θt−1

)
1

θt−1

(ν − 1)θν−2
t kσ

t + τθ,t

)
c−α
t (C.7)

−λt

(
− 1

θ2t
kσ
t

)
+ β

(
D (Mt+1)Ψ

′
(
θt+2

θt+1

)(
− 1

θ2t+1

)
θν−1
t+1 σk

σ−1
t+1

)
c−α
t+1 = 0

− (cb + τb,t) c
−α
t − λt

(
−λ (eb,t)

− 1
ϵe e

1
ϵe
t

)
= 0 (C.8)

− (cg + τg,t) c
−α
t − λt

(
−(1− λ) (eg,t)

− 1
ϵe e

1
ϵe
t

)
= 0 (C.9)

By comparing C.1-5 and C.6-9, we can learn that either

τ ∗b,t = κtηt

or

τ ∗g =
(µt − pt)

c−α
t

(
− 1

θ2t
kσ
t

)
τ ∗θ = cg

(
cb

cb + τ ∗b,t − 1

)
with

κtc
−α
t = κ̃t

µt = λ∗
t =

(
λϵe (cb + SCCt)

1−ϵe + (1− λ)ϵe (cg)
1−ϵe
) 1

1−ϵe

pt = λt =
(
λϵe (cb)

1−ϵe + (1− λ)ϵe
(
cg,t + τ ∗g

)1−ϵe
) 1

1−ϵe

Appendix D: The Robustness Test on the Carbon In-

tensity Trends

In this appendix, I examine how my results are affected by changes in the trend of per-

effective labor carbon intensity. In the baseline model, ηt = At ∗ l ∗ ηt is constant over

time. Here, I extend the baseline model by assuming that this parameter is time-varying

and follows the law of motion.
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Table D.1: End-of-the-Century Cumulative Emissions and Welfare Gain Relative to BAU
under Carbon Tax (Brown Taxes), BAU, Green Subsidy, and Green + Energy Efficiency
Subsidy

Policy Scenarios Mt in 2100 Mt in 2100
when η̄ = η0 × 0.5 when η̄ = η0 × 2.0

The business-as-usual (BAU) 856 1758
Brown taxes 830 1327
Green subsidies 855 1742
Technology choice subsidies + green subsidies 832 1342

ηt+1 = ηt

(
η̄

ηt

)γη

where η̄ is the steady state of ηt and γη denotes the convergence rate. γη is set to 0.1

. I examine two cases for the steady state η̄ : η̄ = η0 ∗ 0.5 and η̄ = η0 ∗ 2.0. The first

scenario results in a declining per-effective labor intensity over time, while the second shows

an increase. From Table D.1, we can see that introducing trends to ηt would not change my

conclusion: the combined subsidies on green energy and energy efficiency still can match the

welfare gain brought by carbon taxes.

Appendix E: Robustness Tests on a Range of Elastici-

ties of Substitution between Green and Brown Energy

Inputs

In this appendix, I test whether the combined subsidies can be an effective alternative to

brown taxes on a range of brown-green elasticities of substitution, ϵe, in the baseline model.

From Table E.1, we can learn that my conclusion is robust to variation of ϵe, regardless of

whether the green and brown inputs are complementary goods or substitute goods.
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Table E.1: End-of-the-Century Cumulative Emissions under Alternative Values of ϵe and Policy Scenarios

Policy Scenarios ϵe = 0.985 ϵe = 0.997 ϵe = 1.01 ϵe = 1.023 ϵe = 1.037
BAU 1536 1579 1580 1581 1581

Brown taxes 1214 1233 1231 1237 1239
Green subsidies 1232 1251 1255 1255 1257

Technology choice subsidies + green subsidies 1544 1587 1584 1580 1578

Policy Scenarios ϵe = 1.05 ϵe = 1.06 ϵe = 1.08 ϵe = 1.095 ϵe = 1.11
BAU 1582 1583 1583 1584 1585

Brown taxes 1241 1244 1246 1249 1251
Green subsidies 1258 1261 1262 1265 1267

Technology choice subsidies + green subsidies 1576 1574 1572 1570 1569
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Appendix F: An Alternative Climate Module

In this section, I solve the model under an alternative climate module. This module is

composed of the carbon stock in the atmosphere, the upper ocean, and the lower ocean

MAT,T , MUO,T , and MLO,T with the law of dynamics (Cai and Lontzek, 2019):

 MAT,t+1

MUO,t+1

MLO,t+1

 =

 1− 0.19 0.19 0

0.01 1− 0.01− 0.0054 0.0054

0 0.00034 1− 0.00034

×

 MAT,t

MUO,t

MLO,t

+

 lηteb,t

0

0


The degree of warming is a function of the carbon stock in the atmosphere with a equi-

librium climate sensitivity λ = 2.03

tempt =
λ

log(2)
∗ log

(
MAT,t

MAT,1800

)
.

Here, if the carbon stock in the atmosphere doubles, the degree of warming would be λ.

The results are demonstrated in Figure F.1. Still, the combined subsidies on green energy

and energy efficiency still can match the welfare gain brought by carbon taxes, even though

green subsidies alone only bring very modest emission reductions.
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Figure F.1: Paths of Endogenous Variables under Carbon Tax (Brown Taxes), BAU, Green Subsidy, and Green + Energy
Efficiency Subsidy under the Alternative Climate Module.
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Appendix G: Figures
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Figure G.1: Paths of Endogenous Variables under Carbon Tax (Brown Taxes), BAU, Green Subsidy, and Green + Energy
Efficiency Subsidy when the Adjustment Cost Parameter γ = 10.0
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Figure G.2: Paths of Endogenous Variables under Carbon Tax (Brown Taxes), BAU, Green Subsidy, and Green + Energy
Efficiency Subsidy when the Adjustment Cost Parameter γ = 20.0
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